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INT RODUCTION

Nearly two decades of magnetosp heric research have established

that charged particles from the solar wind are energized inside the magneto..

sphere , although the mechanism of their energization is not yet precisely

determined. Hot magnetospheric plasma are often observed (DeForest and

Mcflwain , 1971; and references therein)  in the equatorial reg ion on aurora!

field lines. Observations of energetic electrons at low altitudes on the same

au roral field lines (Evans, 1975; and references therein) and , more recently,

observations of energetic ions of ionospheric orgin (Hu ltqvist et a!., 1971;

Shelley et al., 1976; Mizera et a!., 1976) confirm that magnetospheric and

ionospheric plasmas interact strongly in the aurora! region. In part icular,

beam-like pitch- angle and energy distributions are often observed and seem

to indicate that such energetic particles have been accelerated or retarded

by an electric field E parallel to the m agnetic field B . Moreover , it has

been pointed out (Evan s, 1975) that the characteris t ics  of such energetic

electron events may perhaps be roug hly classified into two categories:

(a) transient events for which the flux distributions indicate diffusive energy

gain , and (‘b ) quiescent quasi-stat ic  events for which the pitch-angle and flux

distributions show a beam-like behavior. Since the rnagnetospheric plasma

during a substorm event is highly disturbed, the existence of the f i rs t  cate-

gory of event is not at all surprising; the diffusive energy gain might be

associated with the anomalous resistance that can occur along a magnetic

field line as consequence of several instability mechanisms (e. g . ,  Perkins,

1968; Kindel and Keenel , 1971 ; Papadopoulos and Coffey, 1974). The
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second category of event , which does not show d i f fu s ive  energy gain , seems

to require a quasi-static electric potential differenc e of up to several kilo-

volts between the ionosphere and the equator in order to account for the beam-

like behavior of electron flux distr ibutions.  Althoug h a parallel  electric

field can arise as the result of mapping perpendicular electric field s down-

ward into the ionosphere , where collisional resistance along and collisional

conductanc e across the magnetic field may become important (Chiu , 1974) ,

such a process i8 limited to the lower ionosphere and cannot account for

the beam-like characteristics of energetic-electron precip itation. In regions

of open field lines , charge-separation effects related to the polar wind also

give rise to a parallel electric field (Banks and Holzer, 1968); however , the

magnitude of such a total potential drop is far less than the potential differ-

ences of up to several kilovolt8 that are inferred to occur between the iono-

sphere and the equator along ce r ta in  (presumably closed) auroral  field l ines.

Thus , the evident existence of quasi-static parallel electric fields in the

aurora l  region remains a puzzle in auroral  ph ysics .  In this paper we pro-

pose to consider the origin of such parallel electrostatic fields and their

mutual consistency with auroral p lasma.

Basically, there are two mechanisms b y which a quasi- static electric

potential difference V~ can be established along a magnetic field line in a

collisionless plasma. On the one hand , one can appeal to quasi- stable double

layers that have been produced in bounded laboratory plasmas (Quon and Wong ,

1976) in which there are interpenetrating plasma streams involving ions and

- 10-
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electrons reflected from the walls. Although it has been conjectured (Block,

1975) that such double layers may also exist in the magnetospher e, where plasma

boundaries are somewhat amorphous , we shall temporaril ,r defe r considera-

tion of the double-layer mechanism until its existence and stability can be

verified for magnetospheric plasma. On the other hand , Alfvéri and Fältham-

mar (1963, pp. 163- 167) hav e pointed out that an anisotropic collisionless

plasma in a magnetic field can be in quas i -neut ra l  equil ibrium without  a

parallel electric field only if the magnetic field is homogeneous or if the

pitch- angle anisotropy is the same for both electrons and ions. Otherwise ,

in the cas e of a d ipolar m agnet ic f ield such as the earth ’s, the absence of

a parallel electric field v,ould result in different distributions of ions and

electrons along the field line if the equatorial anisotropies of the particles

were different. Conversely, charge neutrality of the plasma along the

magnetic field line demands that an electrostatic field be established parallel

to the magnetic field line. The electrostatic potential energy difference

between the ionosphere (where B = BL) and the equator (where B = B0 
)

is estimated to be of the order of the mirror ratio BL /B O 
multiplied by the

mean perpendicular particle energy (Alfven and Fälthammar , 1963; Perseon ,

1966) , i. e., to be of the orde r of hundreds of keY for plasma in an aurora!

flux tube. However , the magnetospher ic- ionosp heric flux tube along an

auroral field line contains not only anisotropic magnetospheric plasma, but

also thermal plasma extracted or evaporated from the ionosphere and back-

scattered electrons of intermediate energy. Since the various components

— 1 1 —
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of colder plasma (here assumed isotropic at the foot of the field line) are

expected to participate in the maintenance of charge neut ra l i ty ,  we would

expect the above estim ates of electrostat ic  potential d i f fe rence  along an

aurora! field line (Alfvén and Fältharnmar , 1963; Pers son , 1966) to be

unreal is t ical ly large. Indeed , calculat ions of the paral le l  e lectr ic  f ie ld  by

applicat ion of the princ iple of quas i -neu t r a l i t y  (Lemaire  and Scherer , 1973)

y ield ed e~~ ctrostat ic  potential d i f f e r ences  of onl y a few volts between the

ionosphere and the equator , although the ef fec ts  of backscat tered electrons

and of pitch- ang le anisotropy for  magrietospheric plasma were  ignor ed  in

those calculations. In view of the importance of the quest ion , we hav e

undertaken to re-examine the conditions which def ine  quas i-neu t ra l i ty  for

auroral plasma , especially for flux tubes in the hig h latitude troug h reg ion of the

iono sphere , poleward of the plasrn apause , where the energetic electron

observations have been rr ade.

In this paper , we apply the princ iple of quas i-neu t r a li t y  to calculate

the mutually consistent e ectrostatic potential and par t ic le  d is t r ibut ions

along an auroral field lint~ which is popu lated by collisionless anisotropic

magnetosp heric plasma and by p lasma extracted or backscat tered from the

ionosphere. It is shown ‘.hat a potential di f fere  r ice of up to severa l  kilovolts

between the equator and the .ionosphere may thus be maintained along an

auroral field line. While the parallel electric field has the proper signature

to account for electron piec ipitation character is t ics  (Evan s, 1975), it also may

self- consistently account for the presence of 0+ ions with keV energies

at the upper reaches of auroral field lines (Shelley et al ., 1976).

- 1 2 -
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Even though our calculation i t i  similar to that of Lemaire and Scherer

(1973 , 1977) , there are a number of ;rucial dif ferences  which combin e to

yield a larger potential drop along the field line in our work than in the i r s .

Among these , three essential fac tors  peculiar to auroral  field l ines  in the

troug h region are most important in accounting for the d i f fe rences ;  indeed

these may also exp lain why the beam-like character is t ics  of energet ic

part icles are not observed elsewhere. First , as has been pointed out by

Alfvén and Fä.lthammar (1963), d i f ferent  anisotropies for  e lectrons and pro-

tons are c rucial to the maintenance of a large potential  drop along the field

line. Since r ing-cur ren t  part icles injected onto the aurora! field line are

expected to be anisotropic in p itch angle , we preserve  such a fea ture  in our

calculation. Second , copious backscattered electrons are observed and must

be considered in a quasi-neutra l i ty  calculation. Third , the number densi ty

of thermal ions at the ionosp here is an important boundary condition on the

problem , since the ions are accelerated upward by the same parallel elec-

tr ic  field that accounts for downward accelerat ion of electrons. Since the

troug h region of the ionosphere is considerably dep leted relativ e to the

average ionosphere , it is expected that the ef fec t  of the ionosph e r i c  plasma,

which has a tendency to reduce the potential d i f fe rence  along a magnetic

field line, is correspondingly minimized.

We shall show that in our model the energet ic  e lectron flux and

pitch-angle dis tr ibut ions at the foot of the field line are essential ly similar

to those found in the previou s model (Evans , 1975) for electron precip i-

tation under the influence of arbi t rar i ly postulated parallel  electric fields.

- 13-
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In our calculation , however , we require  that the electrostatic potent ia l

be a solution to the quasi- netitra l i ty equation , and th is  r equ i rement  is

found to be an important con3traint  on the admissibil i ty of the e lec t ro -

static potential , otherwise postulated , fo r  the problem. It sh ou!d he

noted that our approach , thoug h y ielding s imilar  flux d i st r i b u t  ‘~~s

at the foot of the field lin e , is basically different  from Evans’ a ‘ 1~r c~, c h .

In Evans ’ model , the beam-like character is t ics  of precipi ta tin~ e lec t rons

are  attributed to the collim ation of an isotropic electron pop il ation

by an a rb it ra r i ly imposed parallel electric field. In our model , the

parallel electric field arises naturally as a consequence of the quasi~

neutral i ty  requirement imposed on the various part icle populations , some

of which are  assumed to be anisotrop ic at the equator. Thus , the

mapping relationships between electron anisotropy and parallel electric

field for the two models are  different .

-14 -
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QUASI- NEUTRALITY

The princ iple of quas i-neut ra l i ty  is commonly employed in problems

of the present type (e.g. , Lemaire and Scherer , 1973). One considers

a dipolar magnetic flux tube in which the magnitude of B varie s monoton-

ically from B0 at the equator to BL at the foot , which is located at an

appropriate altitude to be discussed below . We construct a kinetic model

in which the ion and electron distribution functions , 
~+ and f , are

expressed analytically in te rm s of the velocity components v1 and

relative to B , in terms of the local electrostatic potential V5 ~ V(s),

and in terms of the local magnetic intensity B B(s) ,  where s is the

coordinate that measures arc length of the field line from the equator . The

principle of quasi-neutrality asserts  that

f v1 dv1 f +
(v p , v ; V )  - f(v 11, v

1
; V )  J dv 11 0 - .

(1)

For our model , in which 1
+ 

and f are exp licit l y constructed , we inter-

pret (1) as an equation for the value of V5 at any poi~ t s along the field

line ( 0 ~ e ~ L) under the convention that V vanishes at the equator (i. e.,

V0 0 ). Perseon (1966) has shown that a necessary and sufficient con-

dition for V to vanish at all points along the field line is for f~ and f

to have the sam e anisotropy, i .e. , the same equatorial pitch- ang le dia-

t r ibut ion. Since r ing-current  electrons and protons are believed to be

-15-
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scatte r ed in p itch ang le by d i f fe ren t  wave mode s (Kennel and Petschek ,

1966; Cornwall , 1966) , we expect that the i r  pi tch-angle d i s t r ibu t ions  are

not the same. Thu. , an electrostat ic  potential V8 
� 0 is required in

order to satisf y the quas i -neu t r a l i t y  condition expressed by (1) .

Since our model is intended for application in the topside iono-

sph er e and the magne tos phere , the plasma is assumed to be col l i s ion-

less in the interval 0 ~ s ~ L • This assumption of collisionless p lasma

in the flux tube entai ls  at least two consequences which require con-

s iderat ion at the outset. On the one hand , the dis t r ibut ion funct ions

and f are required to be m apped along the field line in accordance

with Liouville ’ s theorem , the detailed consequences of which will be

discussed below. On the othe r hand , we are obligated to select 2 so

that all the charged-part ic le  populations are indeed collisionless throug hout

the inte rval 0 ~ s < 2 . For the magneto spheric proton population , which

is obviousl y col l i s ionless  in the equatorial region of the auroral  field line,

the dominant collisional process in the ionosphere , where  the neutra l-

part ic le  densi ty  grea t l y exceeds the plasma densi ty , is ion- neut ra l

charge exchange. The collision time for this process is given by

t l / n 0 a v , where n0 is the neutral-part icle  density,  ~ is the ion-

neutral  charge-exchange cross section , and v is the magnitude of the

relat ive impact velocity. For hot magnetospheric  plasma one identifies

v with the speed of the charged particle and requires that the particle

-16-
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be relatively free of collisions over its full bounce period Zn  / ‘
~~ 

5LR E /v

Thus, the level -corresponding to s = 2 is to be determined from the

condition that

t Zr/  [5  n 0 ( I )  TL R E ) -
~ 1 . (2)

Using an average CIRA (1972) model of the neutral  atmosphere and a

representative value ( ~ io~~~ cm 2 ) for the proton-neutra l  charge-

exchange cross section o , we determine that the location $ 2 cor-

responds to an altitude — 2000  km . The corresponding thermal plasma

density at s = 2 in the auroral  region is extremely variable , sinc e

sharp ionospheric troug hs are not l imited to the plasmapause region

(Hoffm an et al ., 1974). At hig h invar iant  latitudes ( > 65° ) ,  the

troug h ionospheric densities may be as low as l0 2 _ 
~~~ cm 3 in th e

nig htside ionosp here and as hig h as l0~ cm ’3 in the dayside ionosp here

at the 1400 km altitude (Hoffm an et al. , 1974). While the cr i ter ion ( Z )

assures  us that mag netoep heric  ions will be relatively free of charge-

exchange collisions on their  bounce tim e scale in the interval 0 ~ s ~ £

charge-exchange collisions near the foot of the field line may exert euff i-

cient f r ic t iona l  force on H + ions of ionosp her ic  origin to modif y their

density dis t r ibut ion along the field line. We acknowledge that  most

energet ic  e letrons , as well as ions with energies  ~ 50 keV , remain

collis ionless  to much lower altitude s than 2000 km. It is a shortcoming

- 17 -
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of our model that all part icles going beyond s = 2 are considered lost.

This shortc oming could be remedied only by allowing £ to depend upon

particle species and energy, but such a remedy would render the present

model en t i re l y intractable.

Having defined the interval 0 ~ a 5 £ for  which our model appl ies ,

we next consider the consequences of Liouville ’ s theorem. Since the

plasma is considered to be collisionless throug hout the interval O~ as £

the time- independent dis t r ibut ion function for  e i ther  species mus t  depend

only on the constants  of the motion , namel y

W (m~~/2) ~~~ + ~~
) + q e ~ v s (3)

and

— 2= m qvj, 5 /2B 5 (4)

where m q is the particle mass and q(= *1) is the par t ic le  charge in units

of the electronic charge id . Liouville ’ s theorem asserts  that

~~~ 
v

11
, v

1 ; V )  = f
~ 

( v
11 , , v

1
, ; V ,) (5)

if the points (v19 , v15 ; e ) and (V
H S , ,  v18,; s’ ) are connected by a

dynamical trajectory in phase space. The conservation laws expressed

by (3) and (4) imp ly that

-18-
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V = + [1 - (B ,/ B )  J v ~~ + (Z q~ e~~/ m )  (V 0 - V 5 ) (6)

for any such pa i r  of points on the same dynamical  t ra jec tory  in phase

space. Thu s , we say that the point (v
11 , ‘.r~ ; a ) is accessible  from the

source poin t , defined as (v )1 * , , ~~ ),  if v 1 ,  is real (i . e. , if

v
11 

> 0  ) for all s ’ between s and s~ . An obviousl y necessary con-

dition for particle accessibility to s from a source point  8 * ~S that

as g iven by (6), be posit ive or zero. The su f f i c i ency  of th i s

co nd ition , namel y ~ 0 , depends on the funct ional  fo rm of V .

It can be shown (see Append ix A) that the condition ~~~~ ~ 0 is s u f f i c i e n t

for  accessibil i ty to any source poi.nt 8* for both specie s of part icle

( q  = *1) if dv , /dB , >0 and

(d 2V , fdB 2,) “ 0 (7)

for all points s ’ between s and e~~. In our model,

we use the cr i ter ion ? 0 to determine particle accessibility to

the i r  respective source point s s~ ; thus , we require , in accordance with

(7) , that V5 increase monotonically with B 8 and appear concave down-

ward when plotted as a funct ion  of B 5 throug hout the entire inte rval

B0 ~ B 9 ~ B2 . Since the funct ional  form of V 5 becomes evident only

-19-
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u pon solut ion of ( 1 ) ,  we have to assume that the above requ i rements  on

dV 9 /dB 5 and d 2V8/dB 8
2 are sa t is f ied in specif y ing analytical form s

for f (v , v ; V ) in our model . Onl y after  “evaluation ” of the± Is i s  5

densi ty  moment and “solution ” of (1) for V are the de r iva t ives  dV 9 /d 135

and d
2 V5 /dB available to be tested for  si gn . These condit ions thus tu rn

out to be very  restr ic t ive constraints  (app lied a poster ion ) on the accep-

tabi l i ty  of “solutions ” to (1). In theory , any “solution ” of ( 1) not sa t i s fy-

ing these constraints  has to be discarded , since it would hav e been based

on a false mapping of f~ in ( 1). In pract ice , however , a sli ght violat ion

of (7) comparable to the l imit of numerical  resolution in computing the

densi ty moments  may have to be tolerated.

A proper considerat ion of cons t ra in ts  upon V5 , based on access i-

b i l i ty  of a particle to its source point in phase space, should include not

onl y the electrostat ic potential , as in (7) ,  but ale , the gravi ta t ional

potential. We have cho sen to neg lect the effects  of gravity in (7) because
S S +we seek solutions for which 5e V2 -- 1 keV. For 0 ions , the gravita-

tional escap e energy from the 2000 km altitude is 8.ZeV; therefore , we

should have inc luded the gravitational potential in the consideration of

phase-space accessibi l i ty  of cold ions near the foot of the field line where

e I (  V2 - V5 ) ~ 10 eV. We hav e properly included the gravitational

potential in the treatment of the dynamics of cold ions , as was done in

the works of Eviatar  et al (1964) and Lemaire and Scherer (1973). How-

ever, the enforcement of (7) as a constraint upon V8 near the foot

-2 0-
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of the field line may not be sufficient , i. c . ,  may consti tute an erroneous

allocation of points (v1, v~; s ) in phase space with respect to access ib i l i ty

of cold ions from their source point s~ 2 . We hav e been able to s how

that , even if grav ity is taken into considerat ion , cold ions satisf ying

V
H * >0 in (6) are accessible to their source at the foot of the field line

if V5 sat isf ie s (7) and if dV 5 /dB 5 is su f f i c i en t l y lar ge near

the foot of the field l in e ( se e  A ppe ndix A) .

In the foregoing, we have concentrated on d i scuss ing  the propert ies

of V imposed by the requirement  that the par t ic les  in phase space be

accessible along dynamical t rajectories to their  sources , which are

assumed to be either at the equator (a * 0 ) or at the foot of the field

l ine  (~~* 2 ) .  Among the possible particle populations supporting V

there  may be populations which are not accessible to any source points

in the interval 0 ~ 5 5£  (Lemaire and Scherer , 1971 a; b ). Such particles

execute dynamical  t ra jec tor ie s with two turning points in the in terval

- S  0 ( s < 2 , and are therefor  trapped by the e lec t ros ta t ic  potential on the

one hand and by the effect ive magnetic mi r ro r ing  potential  on the other .

For a potential V5 ( 0 s V5 s V2 ) sa t i s fy ing the cons t ra in t  imposed by

(7), onl y electrons may execute such trapped t ra jec tor ies. We assume

that the phase-space trajectories available for such trapped electrons

are defined by the requirements that v N O < 0  and V
NL 

< 0

Detai ls  on the construction of the model part icle d is t r ibu t ion

funct ions for the variou s populations are given in the next section.
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PARTICLE POPULA TIO NS

In the present  model , the following p l a sma-cons ti t uen t  d i s t r i b u ti o n s

are  assumed to be present in the co llis ionless  in te rva l  ( 0 s s 5 £ ) of the

auroral  flux tube: hot anisotrop ’c rnagnetosp heric plasma, 
~M ~“~Is V

Ls 
, V )

cold thermal  ionosp her ic  plasma , 11q v~15 , v1~ ;V 5 ); two populat ions  of

backscat tered electrons , f~~ ( v ~~ , v15 ;V 5 ) wi th  ( i = 1 , 2 ); and trapped

electrons , 1T ‘
~~~~

. vis ;V ). The magnetospheric d i s t r ibu t ions  
~Mq are

considered to ar ise from an equator ia l  source (~~* = 0 ) while the iono-

spher ic  t h s t r i b u t i o n  
~Iq 

and the backscattered d i s t r i bu t ions  f~~ are con-

s idered to be injected at s 2 . The trapped electrons 
~T are considered

to have been scattered into their  trapped t rajector ies  and do not require  an

accessible  source.

Particles belong ing to 
~Mq a re class i fi ed as p reci p itat ing ( v ,~~ > 0

or mi r ro r ing  ( v N~ < 0  ) according to the i r  respective values of

= + [ 1  - (B 1 /B 5) ]v 1
2 + (2 q~~e~ /m q

) (V
9 - V1 ) ,  (8)

which  de termines  accessiblity to a = 2 . Since v11 is positive for down-

going part icles in our convention , and since all magnetospheric par t ic les

going beyond s = £ are conside red to be absorbed , we require  that  1
M* 

0

for t ra jec tor ies  that obey both the condit ion v11 < 0  and the condition v~~ > 0

Fur ther , since the source of the is loc ated at a 0 , we require that

- - —
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all t r a jec tor ies  of be accessible to a 0 by the c r i t e r i o n  d i scussed

in the previous section, i. e., that v~~ > 0 . Noting that magnetospheric

par t icles  may  be an iso t rop ic , we pos tula te  an othe rwise h i -Maxwell ian

form for  at the equator , so that

fMq IIs~~is~
T
s
) = C Mq [ e ( — v 11~~) + 0(v

113
) 0(v 111

2) ] 0 (v ~~~)

x exp - (rn q v j 1 /2~~Tj 1q ) - (q~ e I V / ~~T11q )

- (m q v j~~/2~Tp1q )[ i - (B 0 /B 5) )  - (m q vj~~/2~~Tiq ) ( B o /l3 s
) 

~ ‘

where ~ is the Boltzmarin constant and CMq is a normal iza t ion  constant

defined in such a way that the equatorial  numbe r dens i ty  is given by

NMq = 2~J 
dv 11 f  v1 dv 1 ~Mq~ 

v
11~ v1 ; 0~ ) . (10)

The unit step funct ion  9 ( x )  is defined as + 1 for x ~ 0 and vanishes for

x < O

For ionospher ic  electrons , we require accessibi l i ty  from the source

at a = 2 , i e. ,  we require that v 11~ > 0 • The condit ion v11~ ~ 0 die-

t ingushes  between electron s that m i r r o r  before reaching the equator ( v~~ < 0

and those that cross the equator ( v11~ > 0  ) to be lost in the conjugate iono-

sphere. However , the “loss cone ” is assumed to be completel y filled in

eithe r case , and the dis tr ibut ion function is not complicated by this  dis-

t inct ion.  All cold electrons that ente r the r..~ sp here are assumed to be

-

I
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rep lenished immedia te l y and the ionosp he re is c o n s i d e r e d  comp le te l y

symmet r ica l  between nor th  and south . Thus , we pos tula te  an iono-

sph e r i c  e lec t ro n dis t r ibu t ion f unct ion , wh i c h is take n to be an i so t rop ic

Maxwel l ian  d i s t r ibu t ion  of t empera tu re  T1 , at s = £

(v 
~~
‘ 

v
1

; V )  = (m / 2~~~T1 )
3/2 N1 0 

(v 11~~)

X exp - (m v / Z ~ T1
) - (q e~ /~~T1

) (V - V1 ) , (11 )

where N1 is the cold ionosp heric  electron densi ty  at s - £

For cold ions, the effect of gravity must be taken into account.

Thus, the mapp ing relationship between the source point ( v ,12 v1~ ; 2

and the point ( ‘~ç1 , v15 ;s ) ,  analogou s to (6) ,  is

v
11~ + [ I  — (B 1 /B 3) J v 1~ + (2 ’ e~ /m q) ( V g —

+ 2GM E [ ( l / r , ) - ( l / r ) ]  , (12)

where 0 is the grav i ta t iona l  constant , M E is the mass  of the ea r th ,

and r is the radial dis tance between the center  of the ear th  and the
S

point s • The quan t i ty  GM E mO+ IR E is approximately 10 .53 eV;

therefore , the influence of g rav i ty  uj~’on the d i s t r ibu t ions  of cold ion-

dens i ty  and paral lel  e lec t ros ta t ic  potential is important near the foot

of the f ie ld line , where I e I (  V~ - V 5 ) is of comparable magni tude.
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The dominan t ionic  species in the top side  ionosp here  a re  0 + and H +

The mass d i f f e r e n c e  be tween the two species in f luences  t h e i r  r e l a t ive

distributions along the field line and creates an additional charge- separation

elec t r ic  f ie ld , as in the polar wind (Bank s and 1-lolzer , 1968),  a l t h o u g h we

are dea l ing  w i t h  closed f ie ld  l i nes . Whi l e  such an e f fec t  may  be im por t an t

in connection wi th  the d i s t r i b u t i o n  of 0 + and II  + ions at t he foot of the

field line , we note again that such a charge- separation electric potential

is orders of m agni tude  smaller  than V2 , whic h is of the order of kilo -

vol t s . Thus , for  the sake of simp l i c i t y  in expos ing  what  are poss ib l y the

major  fac tors in the rna in ta inence  of Vç we assume t hat the ionosp h e r e

consists of II + ions on ly. A t rea tment  of the mutu al c o n s i s t e n c y  between

the large aurora) parallel electrostatic potential and the distributions of

0 and ff + ion s in the trough region of the ionosphere will be given in

sub sequent work on the format ion  of the ionosp h e r i c  t r o u g h. For the

p r e s e n t  paper , we use  the cold ion distribution

~1+ (v 5, 
v
1

;V) = (m~ /2,i~~T1~)
3”2 Ni+ 0(vij) 0(- 

v

x exp - (m~ v 2/2
~
tTj+) - ( r e t  /~~Ti+ ) ( \ ’  -

— (GM Ern
÷ / s f J÷ ) { ( l / r , ) — ( 1/ r ) ) } , ( l3a )

which  is the mapping of a simple Maxwellian d i s t r i b u t i o n  in accordance

with  (12) .  Th is  d i s t r i bu t ion  is s imi la r  to that postulated by Lemai r e and
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Sche rer  ( 1 9 7 3 ) :  we assume that upward-mov ing  ions are lost  as they

c ross the equator so that  there  a re  no downward-moving  ions in the

i n t e r v a l  0 < s ~

For the sake of com pleteness , we have also exper imented with

f o r m s  for  which the  ion stream has speed u ( ~ 0 ) at s = , as in the

po la r  w in d :

~~~~ 
(v

11 , v ;V ) = (m + / 2 n
~~

Tj +) NI+ 0 ( —  v
11

) o(V
~ 1 

+ u)

x e x p( -  m + v 1
2 B, /2 ;~Tj + B )  , ( 1 3b)

and

f i+
(v

18 , v1
;V )  (m

+ f4~~~Ti+ ) NI+ ex p ( -  m + v1
2 B1 /2~~Tj + B )

X [ô(v
111 + u ) 0 ( — v ) + 6 ( v ~11 — u) 0 ( v ) ~ . (1 3c)

The form (13b) resembles ( 13 a)  and tha t  used by Lemaire and Scherer

(1973) in that upward-moving ions are considered to be lost as they cross

the equator . The form given by (13c) resembles  t h a t  pos tu l a t ed  b y Schulz

• and Koons (197 2 )  in that  it consists  of two oppositel y d i r ec t ed  stream s at

J all p o i n t s  along the  f ie ld line . The m apping of ( 13b) and ( 13c) is in accor-

dance with (12); therefore , we have to make sure that the ion s t r e a m  will

be accessible  to s = 2 .  We have shown that ions are not t rapped (so as

to be inaccess ible  to both s 0 and s = 
~

) b y the combined electrostatic

and g r a vt t a t ~ona I potential  if V 8 v a r i e s  s u f f i ient l y with 13~ near  the foot

of the f ie ld  l ine . In a proper  t reatrnent , u t i l i z i n g  the form ( 13a) fo r  the

0 + and H + species separately,  the  a r t i f i c i a l  mode l ing  of an upward

flow at the foot of the f ie ld line is unnecessa ry .
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In the construction of ion distributions above , we have ignored

the impor t an t  e f f e c t  of the rnagnetosp heric convection electric field upon

the cold ions in the auroral flux tube. Under the action of the perpen-

dicular convect ion  e lectr ic  field , the par t ic les  be g in to d r i f t  sc ross  B

Electron drift is neg li gible on the bounce time scale , but cold- ion drift

is not. The net result is a loss of cold ions from the flux tube. Whereas

L e m a i r e  and Scherer (1973) postulated the loss process to have occurred

entirel y at the equator , we have a t tempted  to model  the dep le t i on  of i ons

a long the  flux tube  b y a ss u m i n g  tha t  the  convec t ion  el ec t r i c  f i e ld  causes

a constant probability of cold-ion depletion per unit field-line length.

Thus, the distributions (13) a re  to  he m u l t i p l ied by a dep le t i on  f a c t o r

D exp - [~
1 

{ 0 ( -v ~~~) - 0 ( v ~ 
- [

j  
0(v~~) ~ , (14)

~ J T j  T V
115

1~ ~

w here  -r , the t i m e  cons t an t  for the p r o c e s s , need not be very long in

c o m p a r i s o n  w i t h  the cold- ion b o u n c e  per iod .  In the p r e s e n t  model , we

a s s u m e  T to he an adj us table  p a r a m e t e r , and T is genera l l y found to be

of the order  of 20 m i n ut e s . Since the  i n c l u s i o n  of (14)  in the d i s t r ib u t i o n

f u n c t i o n  (13) of cold ions renders  the densi ty  moment in t egra t ions  en t i re l y

in t r ac t ab le , we a s sume  v115 , in (14)  to be g ive n b y the paral le l  velocity

of a cold ion s t r eam free  of the inf luence  of the magnetic  f ield , i . e. , by
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v , 2 
+ (2 e !  /m + ) ( V, - V ,)

+ ZGM E [ ( l / r ~~ ) - ( 1/ r 1 ) J  1 /2  (15)

where  u , assumed to he app r oximate l y one half of the cold- ion the rmal

speed , is the upward flow speed at the  foot of the f ie ld  l ine .  With  the use

of a t r i a l  model of V , , the dep letion factor  D is thus made indepen-

dent of the phase-space in tegra t ions  and the co ld- ion  dens i ty  is g iven by

the product  of the densi ty moment  obta in t d from ( l3a)  and the dep le t ion

factor  D.

B ackaca t t e red  e lec t rons  are assumed to be produced at a l t i tude s

below s 2 in a m anner  that  y ields iso t rop ic d i s t r i b u tio n s at s =

hu t s ~ is rega rded as the source of back scattered e lec t rons  in  the

sense  tha t  a c c e s s i b i l i t y  to s s ” r e q u i r e s  v 1~~ > 0 . As in the model

of Evans (1974) ,  which is based on the abstracted resul ts  of a detailed

c a l c u l a t i o n  b y Banks et al. (1974) , we d i s t i n g u i s h  two populat ions of

hacksca tt e r ed  e lectrons:  the p r i m a r y  backsca t te red  electron d is t r ibu-

t i o n  1~ 1 ~ 18 .~~j 8 V5 ) and the secondary dis tr ibu t ion  
~sz ~~~~~~~~~~~~~~~ 

).

Both d i s t r i bu t ions  of backscattered electrons are  related to the p rec i p i-

t a t i n g  mag net os pher ic  electron flux per uni t  k ine t ic  ene rgy  ~ at S = £

namely

—



dJ M /dc , 2r f  (2~ 1 f m ) cos 
~~ 

f M (v I .  , v
1~ ;V1 ) 6 ( v , 11 ) d(cos a~~)

2i~ (c ,Im Z ) CM 0(~~ - e V , )

x ex p[  — (~~1 /~ T11 
) 4- ( e  V1 /~~T 11

) ] - (16)

We es t imate  the relat ionship between the upward p r i m a r y  back-

scatter flux dJ s1 t /d~~t and the total  prec ip i ta t ing  fl ux dJ~/ dc 2 of

energet ic  electrons by mean s of a t r ans fer  funct ion S (!f , C
1 

) in

the integral equation

d J s i,  /d~ 1 f
S(€ 1~~~~) ( d J 4 f d € ) dc . ( 17)

The total  precip i t a t i ng  flux dJ~ /d in (17) is given by the sum of

the rnagnetosp heric prec ipitat ing flux , dJ M( /d 
~~ 

in ( 16) ,  and the precipi-

t a t i n g  flux of the p r imary  backscattered electrons, dJ s i~ I d e , . Kine-

mat ica l  considerat ions require that 
~51 ~s since the discussion

on thermal  electrons applies equally well to backscattered electrons:

whatever goe s up must come down . For the pr imary- bac kscat ter

t ran sfe r func t i on  S (c~ , ~
-
~
‘) ,  we choose a form g iven by

sfr1
, C ;)  = I ~, / ( c ,~) 2 ] e ( c ,~ - 

~,
) . ~18)
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This r epresen t s  an anal yticall y convenient  f i t  to the t r ans f er func t ion

de du ced by Evans (1974) from a detailed calculation by Banks et al.

(1974). The normalization of (18) y ields an in teg ra ted  p robab i l i ty  of

0 .5 for an incident electron to be backscattered wi th  energy  C 2 
be-

tween 0 and . This agrees well with the es t imate  by Evans

(1974) that 46% of the incident electron flux is backscattered.  Thus ,

we obtain the re lat ionship

= 

I 
1€ L/ (c t ) l [(d J M l /d€;) + (dJ s1, /d€~~)J d€~ ( 19)

where we have expressed 
~~ ~~~~ 

+ 
~~ 

= 
~ Ml + 

~s l ’• The solution

of (19) for dJs i ,  / d C f in term s of dJ M~~/ d € L is e f fec ted  by mul t ip l icat ion

of bot h side s b y l/ ~~ and di f fe ren t i a t ion  with respect to These

steps y ield

1 d d J si~ - 

1 d J M— —  ___. - 
____

e~ dc~ de~ €
~~~ 

dc1

The solution of (20) is given by

d J 51~~/dc~ = 

f
(dcj / C~~

) (dJ Ml /dc
~~

)
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(2r
~tT

If
/m 2) C M I 0 ( I e t Y ~ 

-

+ 0 (e 1- j e ~~V1) e x p [( ~~e~~V1 - cx
)/

~~
T ;1 ]

~~ 
(2 1)

upon insertion of (16) above. The integrat ion of (16) and (21) with respect

to c. r evea l s  a total  p rec ip i ta t ion  flux

-f 
~Sll 2

~ M e ~ 
23s1i

~ 4ir (
~tT IJ

/ m ) 2 CM [ 1 + ( l e ( Vi /~~T 1 ) J  • (22)

Thus , we find that  half of the prec ip itating energetic electron flux is

rnagnetosphe r i c , whi le  the other half consists  of e lectrons previousl y

bac k s c att e red.

The secondary bac - scat ter  is charac ter ized  (Bank s et al ., 1974 ;

• Evans , 1974) by a “universa l ” spectrum having an in tens i ty  propor t ional

to the total f lux of inc ident energetic electrons. The secondary flux

is  neg lig ib le (~~ 1% of maximum) at energies  c2 ~ 200 eV , and so we

obtain a fit in s imp le analit ic f o r m  of the  lower-energy  por t ion  of the

“u n i v e r s a l ”  secondary ba~ kscat ter  spectrum given by Bank s et al. (1974):

d 
~~~~ 

/dcL ~ ) A2 [ 1  + (ca /c 
~~ 
1~ 

(23)
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whe re A2 ~ 3. 0, c~ ~ 15 eV , and is given by (22). In the application

of the present  model to var ious  observ ations to be considered in the next

sec tion , we found it necessary to vary A 2 som ewhat in order to fit  the

low-energy por t ions  of observed e lect ron spectra ;  therefore, A2 
will

be cons idered  an adjustable parameter  of the model.

It remains necessary to convert  the upward different ia l  f luxes

g iven by (21) and (23) into distr ibution functions f 5. ( v~15 , v1~
;V ) ,

where i 1 , 2. We do this by assuming that the backscatter distribu-

t ions  are isotropic (cf .  Banks et al. , 1974; Evans , 1974) at s = £ . One

then obtains the relat ionship

dJ s., /dc~ 
= (2~~€~ /m~~) f~ 1(sr~J~~) . (24)

from which  we de r ive the following backscattered electron d is t r ibut ion

funct ions:

~ 
(Z

~~
T II

/ m ) C M $(v 11~~) 1 0 ( 2 f e ! V
1 

- m v 2 )

+ e(m v -  2 I e ~~V~) e x p [ ( 2~~e I V 8
_ m v ~~ )/ 2 k T

11 ] }

+ [ v
2 + ( 2 e  /m ) ( V1 

- V ) ]  (25)

and
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Z(
~

T
Il

/~ z ) 2 CM A2 [ 1  + ( t e ~~V1/,t T~1 ) J 0 ( v
11~~)

+ [ 1  + (
~~

e
~~

/ e Z ) ( V
L 

- V )  + (rn v 2 /2~~2) ] 4

( 26)

For e lectrons t- 5 trapped t ra jec tor ies , we construct  thei r  distr i-

but ion  
~T v~~ , v~~~V5 ) by assum ii~~ it to be a Maxwellian d i s t r i bu t ion  in

eq u i l io r i u r n  wi th  the ‘ source ”, from which the  trapped e lect rons  had been

scattered onto the i r  present  t r a j e c t o r i e s  (Lemnai re  and Scherer , l97 1b) .

In our model , there  are two such po ssible “ sources ”, namely those at

s 0 and at s 2 .  Thus , for  each “ source ” j , we cons t ruc t  a trapped

electron dis t r ibut ion

= (m /2 1r~ T~) 3”2 N~(sç) 0 ( -v
11~~ ) 0 ( — v

11~~ ) (27)

x exp - ( m v / 2 ~~T.) 1 (~ e~ /~~T .) (V  - V * )

where  s’
~ is the location of the “ source ” and T. is an adjustable  tempera-

ture  for  the trapped population. For j = 1 , we identif y 1T 1 wi th  the

d is t r ibu t ion  scattered into trapped t ra jec tor ies  from , and so we take

N 1 s ) NM . For j = 2 we identif y 
~T 2 with the d is t r ibu t ion  of

e lec t rons  that hav e been scattered into trapped t ra jec tories  from distri-

butions whose sources are at s = 2 . There are several such “source ”
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d i s t r i bu t ions , but calculations reveal that the densi ty moments  of low-

temperature trapped particles or iginal l y injected at s = ~: are neg li g ib l e

due to phase-space l imi ta t ions  if V2 ‘ l  k ilovolt. Therefore , we identif y

wi th  e lect rons  sca t te red  into trapped t r a j ec to r i e s  f rom f 51 . Since

the p r i m a r y  backscat tered electron d i s t r i b u t i o n  has t e m p e r a t u r e  T 
-

we assume both trapped dis t r ibut ions  to have the sam e t e m p e r a t u r e

T T
11 - 

, f orming a sin gle d is t r ibut ion

f T (v I~s
, v1 ;V~~ (m /2 r~tT)~~

’2 NT 0(  -v~~~) o( -v a )

x exp [ - (mv/2,tT) + ( e  V / ~~T ) ]  (28)

where

NT = NM + N~ i exp (  _ I e V~~/~~T )  , (29)

N5 1 being the dens i ty  derived from 
~~ 1 at s - £ . The exis tence  of

trapped electrons had been assumed in p rev ious  exosp h e r i c  models  of the

solar wind (Lemaire and Scherer , 197 1b) , but not in the magnetosphere

(Eviatar  et al ., 1964 ; Lemaire  and Scherer , 1973) . Observational  evi-

dence for or against  the i r  existence would be welcome. Perhaps one

may argue  that cer ta in  reg ions of phase space would be empty if trapped

electrons do not exist  (see Figure Ib) .  Evidence sugges t ing  the f i l l ing

of all reg ions of phase space in auroral  e lectron-precipi tat ion events is

given by Kaufm ann~~t al. (1976).
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Fi gure  1 summarizes the reg ions of phase space occupied by the

various par t ic le  population s discussed above . The left  panel indicates

velocity- apace dernarcat iona that charac ter ize  the var ious  port ions of

the niagrietospheric and ionospheric populations of ions. The r i ght

panel i l lustrates  the corresponding velocity— space demarcat ions  for

e lec t rons .
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Figure 1 . The re g ions of phase space occupied b y the var ious

part icle populations are  shown schematically for (a)  ions and for  (b )

elect ron s. The solid curves  are  demarcations in phase space fo r  the

var ious  populations of particles identified by labels in c i rc les  or  in

c a r t o u c h e s :  M fo r  par t ic les  of magnetosp her ic  or ig in , I f o r  par t ic les

of ionosp her ic  ori gin , S for  backscat ter ed  electrons , and T for  electrons

trapped between mi r ro r  points tha t both lie on the same half of the field

line . The ionic label I in parentheses  r e f e r s  to the population g iven b y . -

( 13c) ,  as dist inguished from those given in ( 13a )  and ( 13b) .  The elec-

tronic labels I in parentheses indicate phase space reg ions occupied b y

electrons in the extreme tail of the cold ionospheric energy  distr ibution.

The dashed diagona l line s are the asymptote s v~ = *~~(B 1 / B )  - ~~ 
1/ 2  v1

of the hype rbolic phase space demarcations between v~1~~> 0 and v 1~~ < 0 .
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THE MODEL

In the previous two sections we have summarized the manner in

which  charge  neut ra l i ty  is to be enforced on the constructed par t ic le

d i s t r i b u t i o n s  in an auroral  flux tube. The general  fea tures  of the model

dealt with in the previous sections are quite akin to those of the exo-

sphere and p lasma- sheet models of Lemaire and Scherer ( 197 1b , 1973 ,

1977) , althoug h considerations such as accessibi l i ty  of sources , anisotropy

of magnetospheric particles, and the inclusion of backacat te  red electrons

characterize the grea ter  gene ra l i t y  of the present  formulat ion. h oweve r ,

it is mainly the area of model usage  which d is t inguishes  the present  model

from previous exospheric models , since the major  purpose of the present

model is to explore the fac tors  t h a t  may contr ibute to the mainta inence

of a large auroral potential differenc e between the equator and the iono-

sphere. Therefore , we apply our model to specific electron-precipitation

events for  which distinctly beam-like energet ic  electrons are observed.

A second feature involving the u sage of our  model has to do with

the geometry of the assumed magnetic field. In the construct ion of

part icle distributions in the previous section , we have tacitly assumed

that  the model is to be applied to particle and electric-field d i s t r ibu t ions

in a closed di polar flux tube. While we shall continue to assume so in

the rest of this work , we wish to note that  the physical processes  dis-

cussed in this wo rk are also applicable to regions of open f ield l ines .

For regions of open field lines, it would be necessary to reconstruct
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the  p a r t i c l e  d i s t r i b u t i o n s  d i s cus sed  in the previous  section.  Al thoug h

rna g ne tospher ic  par t ic les  in such open-field-l ine reg ions are likel y to -

be i so t rop ic , a large  e l ec t ro s t a t i c  potent ia l  d i f f e r e n c e  may s t i l l  be

maintained by v i r t u  of e l ec t ron  backsca t t e r .  App l ica t ions  of our

mode l of p a r t i c l e  and e lec t r ic  f ie ld d i s t r i b u t i o n s for  open f i e l d - l i n e

reg ions will  be cons idered  in a subsequent  work.

In typ ica l observations , ei ther  the e lect ron f lux d i s t r i bu t ion (a t  a

g iven  p i tch  ang le)  d J / d ~- d ~2 or the e lectron ene rgy  flux (at a g iven

p it c h ang le)  ~ dJ / d ~~d .2  is observed at an al t i tude below 2000 km . As -

a f i r s t  step in t he usage of our model , we requi re  that the t h e o r e t i c a l

flux d i s t r i b u t i o n  at the foot of the field line , i ~~~~ . ,

(d J~ /dc~~d~2)  = (2€ t /m 2) I 1M- (
~
:
~t
, a ;Vt ) + f~~ (c~~ a ;V~ )

~ 
f sz ( , v

~) 
1 f

1
(c .~, a ; V

1) ]  , (3 0 )

where a is the p itch ang le and d~2 the co r r e spond ing  element  of solid 
5

ang le , be f i t ted to the observed flux d is t r ibut ion .  Except for  events in

which d i f f u s i v e  ene rgy  ga in  is evident (Evans , 1975),  good f i t s  are usual l y

obtained. The paramete rs  V 2 .  T1 , ( NM /T1 ) , and A2 a re strin-

gentl y cons tr ained by the f i t t ing .  Speci f ic exam ples of fits to observed

part ic le-f lux and observed energy-flux d is t r ibut ions  are shown in Figures

2 and 3, respectivel y. Detailed d i scuss ions  of the cases will be g iven in I

the next Sect ion . In the usual situation , only the electron-f lux d i s t r ibu t ion
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10 1 4x10

ENERGY , eV

Fi gure  2 . Electron flux at 45 ° pitch ang le observed in the day -

side cusp  region on 11 Janua ry 1975 on board the Tordo Dos rocket

(Winn ingha m et al., 1977)  is shown as funct ion of e lectron energy .  The

data points and the fit (solid curve ) corresponding to Evans ’ model a re

taken from Evans (1974) .
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I 
Fi gur e 3 . Elec t ron  ene rgy  f lux  s at 00 

and at 180° pitch ang les

obse rved in an “ i n v e rt e d - V”  str uc tu r e  ( M i z e r a  et al ., 1 976) are shown

as func tions of electron ene rgy.  The d i f f e r e n c e between the downgoing

and upgoing fluxes at 1. 76 keV indicates the presence  of .a “monoenergetic ”

beam of precipitating energetic electrons.

-4 2 -

—~~~
-.—---- 

- _-4-’IS~~~~~~~~~~~~~—- — 
——-—5- 5— 5—- - - - - - 5— _____ SSS _ - - - ~~~~~~r~~~T ~~~~~~~~~



for  a s p e c i f i c  event  is a v a i l a b l e  for  compar i son  wi th  the theore t i ca l  f lux ;

t h e r e f o r e , we a s sume  the ion p a r a m e t e r s  to be v a r i a b le  in the s ea rch  for

a s e l f - c on s i s t e n t  paral le l  e lect rosta t ic  potential  V - Should energetic

i n  distributions be available, a s e l f - c o n s i s t e n cy  check of our model  can

he made immedia te ly s ince V~ is a common p a r a m e t e r  fo r  both e lec t ron

and ion d i s t r i b u t ions .  In the usage of our model , t he f ield- ali gned c u r r e n t

J
11 

e
~f v j dv 1 f [ f + (v~~~~v ; v ) _  f ( v ~1 , v ; V ) } v dv (31)

is n e i t h e r made to v a n i s h  nor ass i gned any p a r t i c u l a r  numer ica l  value ,

as is done in Lernaire and Scherer (1973). If is measured for a

s p e c i f i c  event to wh ich  we app ly our model , then  an addi t ional  c o n s i s te n c y

ckeck can he made on the model since V2 ~s again a common parameter

in (30) and (31). In general , because of the assumed magnetospheric particle

anisotropy, and because of the loss of cold ions to the  ma g n e t o s p h e r i c

c o n v e c t i o n  p a t t e r n , J is n o r i v an i sh i n g  in ou r model . Fu r t h e r , the loss

of cold ions f r o m  the f u x  tube imp lies that  a perpendicular cu r r en t

al so exis ts .  Such c o n s i d e r a t i o n s  ra i se  the question of how to comp lete

the elect r ica l  c i r c u i t  in the aurora!  reg ion . This presumably occurs  via

other  f i e ld  l ines  than  the one under  cons idera t ion  and presum abl y involves

- pe rpend icu la r  e lectr ic  f ields which c~~-ex i st with the parallel  electric

field. It is not our intention to explore here the mechanisms by which
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any such magnetospheric circuits  are closed . En subsequent work , suc h

questions will be addressed in connection with the so-called ‘ inver ted-V’

st r u c t u r e s ,

Having obtained the pa ramete rs  V 2 , T 1~ , ( NM /T1 ) and A2
from a comparison of (28) with data for a specific event , we next proceed

to imp lement the quas i  -neutral i ty  condition (1) .  Since we have assumed

specif ic  form s for the d is t r ibut ion  func t ions , we calculate  the di nsi ty

moments  of 1M± ’ f 1 ,  f~~. and 1T ( in closed form ) as funct ions  of

V , B , and the part icle parameters  ( ~~~~~ Ni± , T11~~, T1~~, T11, T , A2,

and r ) .  Examp les of the required velocity- space integrations , some of whic h

are quite tedious , are g iven in Append ix B. Not all of the above part icle

parameters  are entirely independent , since the limits of (1) as s -. 0 and

as s — L  constitute two constraints among the above particle parameters
F

and the potential difference V
2
. Thus, only the parameters N

i+ , T
11~

T1± . Tj~~
, T , and T may be cons idered  f ree  p a r a m e t e r s  of the  model ,

a l thoug h the known cond it ions of the ionosp here in t he aurora! reg ion impose

add i t i ona l  h ounds  on N 1 + and T1± . A summary  of the p a r a m e t e r s  of the

model is given in Table 1.

Once the par t ic le  pa ramete r s  are specified , subject  to the cons t ra in t s

d i s c u s s e d  ab ove , we consi der (1 ) ,  the q u a s i - n e u t r a l i t y  equa t ion  in integrated S

f orm , as a t r anscenden t al equat ion  to he solved for V as a func t ion  of B
8 8
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This is done on the CDC 7600 computer , since a l a rge  number  of tran-

scendental func t ions  are involved. The “ solution ” so obt ain ed is ,

however , not necessa r i ly the required solution of the model , since an

acceptable V mus t  be a monotonic function of B and it must  sat isf y

( 7). If V does not satisf y these tests , the part icle pa ramete r s  are

adjusted and the solution process is repeated unti l  a sat isfactory solution

i s obtained.
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R E S U L T S

Since  t h e  p r i m a ry  p u r p o s e  of t he  p r e s e n t  m I d - i  is  to d e t e r r i n n e

c i r c u m s t a n c e s  u n d e r  w h i c h  a l a rg e  e l e c t r o s t a t i c  p o t e n t i a l  d i f f er ’ -n c ( -

m a y  he m a i n t a i n e d  a long an a u ror a l  f i e l d  l i n e , we have  app l i e d  t h e  n , d ~ - 1

to  a n i i n i b e r  ( C f  sp e c i f i c  cases , two of w h i c h  w i l l  be d i Sc u s s c ( l  in t h i s

s e c t ion .

Fi g u r e  .~ shows the  u n i d i r e c t i o n a l  e l e c t r o n  f lux ~I t  1S~~
0 

p i c h  an g l e

f o r  an e v e n t  obse rved  in the d a y s  ide cusp  r e g i o n  on i i  J a nu a ry  1 ‘ ‘ ~

( W i n n i n g ham et a!. , 1977) .  The e l e c t r o n - f l u x  da ta  have  I l e en  c o m p a r e d

w i t h  t he  model  ( s o l i d  c u r v e )  of Evans (1~~74 ) , and  the  fi g u r e  i s  t a k e n  f rom

Evans  (1975) .  The data s u g g e s t  t h a t  a m o n o en er g e t i c  beam of p a r t i c l e —

at an e n e r g y  — 6 0 0  eV m ay  he p r e s e n t  in  the  e l e c t ron  s p e c t r u m . F i i iu r e

3 shows  e l ec t ron  e n e rg y - f l u x  d a t a  at two p i tch  ang les o b t a i n e d  in  an

in v e r t ed -V ’  s t r u c t u r e  ( M iz er a  et al. , i~~76).  Th i s  examp le is  p a r tu .  -

u l a r l y i n t e r e s tin g  not  onl y because  (I f i t - ~ o c c u r r e n c e  in th e  a i i r c ~ra 1

S 
reg ion ( i n v a r i a n t  l a t i t u d e  69. 7

0 ) but a l s o  b e c a u se  i t  c l e a r l y sh ow s  he

b e a m- l i k e  c h a r a c t e r  of p r e ci p i tat ing  hi g h - e n e r g y  e l e c t ron s , as is

ev idenced  b y the  g r e a t  d i f f e r e n c e  be tween  t h e  u n i d i r e c t i o n a l  en er g y

f l u x  ~~l 0° and tha t  at  180 ° pi tch  ang les . The p a r a m e t e r s  w h i c h  d e t e r -

m i n e  the  model f i t s  shown i n  Fi gure  2 ( Case W ) and in Fi g u r e  3

Case  M ) are  s u m m a r i z e d  in Table 2 .
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p1

Table 2: Parameters of the Fit

Parameter Case W ( Fig u r e  2 ) Case M ( 1Th~’u r e

V~ 0.59 kV 1. 76 kV

- — 3  - 3
3 cm Q~~(, cm

0 . 189 keV 1. 23 k e V

~
. Sf 0 . 775 k e V  4 . 67 k ey

1-

A
2 

4 . 8 3. 2
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A l t h o u g h  t h e  p a r a m e t e r s  shown in Table 2 are  not uni que l y d e t e r m i n e d

f rom the  d a t a , the compar i son  be tween  the  p r e s e n t  model  p a r am e t e r s  and those

of Evans  model  fo r  Case W i l l u s t r a t e s  some d i f f e r e n c e s  be tween  the two

mode l s . In Evans  model , the n u m b e r  d e n s i t y  of the  e l e c t r o n  beam was taken

to be 0 . ~ 5 cm and the t e m p e r a t u r e  was taken to be 0 . 143 k e V . While his

e l ec t ron  t e m p e r a t u r e, w h i c h  d e t e r m i n e s  the slope of the f lux d i s t r ib u t i o n  at

e n e r g i e s  above V , is approxim atel y the same as our p a r al l e l  tempera-

t u r e  3tT 
- 

, t he  e l ec t ron  beam d e n s i t y  r equ i red  in Evans ’ model  is consider-

abl y sma l l e r  than the  NM of ou r  model , p r i m a r i ly because  of t he  fac t that

in ou r  model on l y those  magne tosph e r ic  e lec t rons  tha t  would m i r r o r  at s > L

c o n t r i b u t e  to the  e n e r g e t i c  e l e c t r o n  f lux .  Furthe r , because  of d i f f e r e n c e s

in the p i t c h - a n g le d i s t r i b u t i o n s  of the ene rge t i c  e l ec t rons  for  the two models ,

the  to ta l  f lux ( in t eg ra ted  over p i tch  ang le) is l a r g e r  in Evans model than

in  o u r s ;  h e n c e , the low-energy e l ec t ron  f l uxes  fo r  the  two mode l s  are  also

d i f f e r e n t . For Case M (F i gure  3),  the required e lec t ros ta t ic  potent ial

d i f f e r e n c e  and the requi red  m a g n e t o s ph e r i c  e l e c t r o n  t e m p e r a t u r e s  a re  con-

si de rabl y h ig her  than in Case W (Fi gure 2 ). In m a n y  r e s p e c t s , Case M

is a more stringent test of the model since the elec t ron energy  f luxes  at

two p itch angles are avai lable.  In pa r t i cu la r , the low-energy port ion of

the electron spectrum shown in Figure  3 requires  considerabl y lowe r secon-

da r y bac k s c a t t e r  than in Figure 2.

With  the use of the pa ramete r s  determined in Table 2, searches  for

se l f - cons  i s ten t  e lec t ros ta t ic  potentials V were made in accordance with

the formulat ion g iven in the previou s two sections. In the solution process ,
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t he model pa rame te rs not yet de termine d in Table 2 are va r i ed  in the manner

desc r ibed  in Table 1. For Case M , t he L value of the f i e ld  l ine is 8.35 . For

Case  W , the observa t ions  were made at very hi g h invar iant  la t i tudes (77 . 5° N

where  the rocket was poss ib l y on open field line s in the cusp reg ion . In this

respect , our  model i s probabl y not fu l l y app lic abl e , s ince we as sume the

m a g n e tosp h e r i c  pa r t i c l e s  to be par t ia l ly trapped b y a dipolar f ie ld .  However ,

i f the p rec i p it a t ing  m agnetospher ic  pa r t i c les  were to have the anisot rop ies

de te rmined  in the f i t t i ng  of Fi gure  2 , the application of the model is not

su b s t a n t i a l l y changed even thoug h the solution V , as a funct ion of B/ B 0

may not be an accurate descri ption of the t r u e ” p ote ntial  dis tr ibu t ion .

Since the requ i rement  of the total po ten t ia l  drop V~ remains  the same

w h e t h e r  one cons ide r s  open or closed field line s , we attempted an appli-

ca t ion  of our  model to Case W b y assuming  an L value of 8. 54 for this

event . For this  reason , our resu l t s  for  Case W are  rather  to be viewed

as an i l l u s t r a t i on  of our model than as recons t ruc t ions  of actual part ic le

and potent ial  d i s t r i b u t i o n s . The e lect ros ta t ic  potential  solut ions of (1)

sat isf y ing the access ibi l i ty  c r i t e r ion  (7) for  Cases W and M are shown in

F igure  4 (Case W) and F igure  5 (Case M) respect ively. In Figure  4 , it

is seen tha t  the potential d i s t r i bu t i on  V 8 is concave downward when

p lotted agains t  the magne t i c- f i e ld  ra t io  B / B 0. In Fi gure  5 , the potential

d i s t r ibu t ion  V is also concave downward although it may not appear so

b eci ause the m a g n e t i c - f i e l d  ratio is plotted on a logari thmic scale , For

Case W ( F i g u r e  4), the major  par t  of the potential drop is confined to the

r egi o n  a b o v e  — 10000 km altitude , with parallel e lect r ic  field intensities
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Fi gure  4. The se l f -consis tent  electrostatic potential  computed

for  the case corresponding to the observed electron flux of F igure  2

(Case W) is shown as function of magnetic-field ratio and alt i tude . The

magnitude of the parallel electrostatic field is also shown.
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F i g u r e  5. The se l f -consis tent  e lec t ros ta t ic  potential computed

f or the case cor r esponding to the ob served elect ron fl ux of Figure  3

(Case M) is shown as function of magnetic-f ield ratio and alt i tude. The

curve for  the potential V has the same proper ty  of downwa rd concavity

as that shown in F igure  4. The diffe rence in appearance between this

fi g u r e  and Figure 4 is due to the logarithmic scale used in plotting

the magnetic-field ratio here.  The magnitude of the pa rallel electro-

static field computed for  thi s case is considerabl y l a rge r  tha n that of

Fi gure 4.
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of up to 40 uV/m . The potential d i f ference V1 for  Case M is cons ide rab l y

la rger  t han that  for  Case W, henc e , the parallel e lect r ic  field i n t ensi t y  in

Fi gure  5 (up to 140 ~ V/m ) is considerably la rger  than that  in Figure 4 .

Quite  in t e r e s t i n g l y, the region of major  potent ial  drop (above ~~l2  000 k m )

in Case M is not dras t ical ly d i f f e ren t  from that in Case W , even thoug h

the magni tudes  of the potential  drop s are quite d i f f e ren t .  The self-con-

s i s ten t  e lec t ros ta t ic  potential  d is t r ibut ion s for both cases are  cons i s ten t

wit h Evans model , where it is assumed that the reg ion of e lec t ron

accelera t ion  by para l le l  e lec t r i c  f ie lds  is well above the reg io n of e lec t ron

flux observat ion .  In both cases , the f ield lines below 10 000 km alt i tude

are esse ntial l y equipotent ia ls .  This common fe a ture  may be a weak point

in the model , si nce the re  is some obse rva t iona l  evidence that pa r t i c l e

ac c e l e r a t i o n  occurs  mainl y below the 7000 km al t i tude (3 .  F . Fennell  and

P. F. M i z e r a , p ersoni l  communica t ions , 1977) .  To counterba lance  the point ,

howeve r , t h e r e  also is ~ ,n ’- ev idence  of paral le l  e l ec t r i c  f ie ld s above

7000 km f r o m  b a r i u m - r e l e a s e  experiments  (Haerendel  et al ., 1976) .

Evident l y, t he observat ional  s i tua t ion  is probab ly qui te  v a r i ab l e .  On

the o ther  hand , the location of in tense  parallel  e l e c t r i c  field in our  model

may be somewhat dependent on the assumed loc at ion  of the ionosp her ic

boundar y. Presumably, if we were able to handle the proper  ionosp her ic

boun dary  condit ion , which  depend s on part icle  species and p a r t i c l e  energy ,

the d i s t r ib u t i o n  of V mi g ht be somewhat d i f fe ren t .  Moreover , the

i n c l u s i o n  of an intense perpendicu lar  electrostat ic  field in the considera-

t ion of charge neu t ral i ty  would also af fec t  the location of the major  parallel
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e l e c t r o s t a t i c  po t en t i a l  drop . Evidence for  the impor tan t  in f lu en c ~ - of

ver y in t e n s e  perpendicular  e lec t r i c  f ie lds  upon ene rge t i c  p a r t i c l e  accelera-

t i ons in the  aurora!  reg ion has recen t l y bee n r epor ted  (Mozer  et al. , l~~7 7).

Pe rpend icu la r  e lec t ros ta t ic  f ie ld s , moreove r , m a y  p la y a m a j o r  role in

de f in ing  - i n v e r t e d - V ’  s t ruc tures  (e .g .  , Swift , 1975) .

The c r i t i c a l  mod el pa ramete rs  required for  the so lu t ion  ot ( i ) ,

s a t i s f y ing t he a c c e s s i bi li t y c r i te r i o n (7 ) ,  are shown in Table 3. All

other  model p a r a m e t e r s  are  eithe r f ixed or determ ined by charge-neu-

t r a l i t y  c o n s t r a i n t s  at s - 0 and s ~
‘ 
, in accordance with  the s u m m a r y

in Table 1. Compar i son  of magnetospher ic  ion t empera tu res  in Table 3

wit i~’ magnet o sp he r ic electron t empera tu re s  in Table 2, for bo th cases ,

indicates that the solutions require hi g hl y anisotrop ic elect r ons ( T1 /T~
- 4 . 1 fo r  Case W and T1 / T

11 
3. 8 for Case M ) and isotropic ions

T1+ /T11+ 1 ) ,  even thoug h the po t e n t i a l d iff e rences and pa r t ic le

dens i t i e s  in the two cases are quite d i f f e ren t .  Althoug h this peculiar

fea tu re , common to both cases , may he a coincidence , we are  incl ined

toward the view that  the d i f f e rence  between the p itch- ang le an i s o t r op ies of

electrons and ions required by the model is not accidental . For field line s j u s t

pole ward of the p lasmapause , where the magnetospher ic  part icle  populations

a re p robabl y of r ing -cur ren t  or ig in , the ion populat ion is susceptible to

cyc lo t ron  ins tab i l i ty  at lower p i t ch-ang le anisotrop ies than the corre-

sponding p rocess  for the electrons (Cornwal l  et _al ., 1971) .  T h u s,  one

would expect the equi l ibr ium populat ion to be much more nearl y isotropic
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Tab le  3: P a r a m e t e r s  Y i e l d i n g  S ’lu t i u n s

Paramete r Case  W ( Fi gu re  4 ) Case M ( f’~~ u r c -  5

N
14  

1200 cm 3 
‘lQ  cm

~ TIN 2 . 0 k cV  ~~ . 0 k eV

~ T14 
2 . 0 keV ;-~~. 0 k g - V

t 17 ru in 1 ~~ in in

_ 5 i ~~

I- 
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fo r  p r u t u n s  t ~ an  f r  e l e c t ru n s . For  f i e l d  1ine~ n e a r e r  to the  c usp ,  wher e

the  m a g n e t i c  f i , - l d  is v e ry  weak , the p i t c h - a n g le an iso t ropy  of an ion

p u p u l a t i o r  is m r e  l i k e l y to b~- d e s t r o y e d  by s ca t t e r i ng off n - agnetic-

f i e l d  c in h o m o g e n e i t i e s  of a g iven scale size than is the an i so t ropy  of an

electron population . Even without consideration of scattering by random

m a g n e t  cc - f i e ld  inhomogene i t i e s , the mo t ion  of ions at a g iven e n e r g y  is

less l i k e l y to be adiabatic than that of electrons at the sance energy.

Thus , conside ra t ions  of possible wave-par t i c l e  i n t e r a c t i o n s  and of non-

adiabat ic  i ty  of p a r t i c l e  mot ion  in the ear th ’ s ma gne t i c  f i e ld  seem to

f a v o r  a t e n d e n c y  fo r  au r o r a l - - i o n e  ions to be m o r e  nea r l y isotrop ic in

p i tch- ang le d i s t r i b u t i on  than e lec t rons .  Such a tendency is con s is tent

wi th  the  tempe r atu re pararn e~-ers  req ui red  fo r  s e l f - c o n s i s t e n t  so lu t ions

in our nc od e l .

An i m p o r t a nt  fea t -ure  of our  mode l concerns  the r e l a t i o n s h i p be-

tween the  n-c a g n i t u d e  of t he paral le l  po ten t ia l  dr op V .. and the ionosp her ic

d ne si ’y N1 re qu i r ed  to obtain a s e l f - c o n s i s t e n t  so lu t ion . C o m p a r i s o n

of Case W with Case M in Tables 2 and 3 shows that  V~ and N1 + 
are

inverse l y re la ted , i . e. , to m a in t a i n  V~ 0. 59 kV in Case  W r equ i r e s

N 1+ 1200 cm 3 , w h e r e a s  to m a i n t a i n  V~ 1. 7(1 kV in Case  M r e q u i r e s

N 1 + 
90 cm . The s e n s i t i v i t y  of ou r  model  to the ionosp he r i c  dens i t y

N1 + 
and ( in  p a r t i c u l a r )  the above i n v e r s e  r e l a t i o n s h i p a re expected ,

since  V1 is e ssen t i a l l y m a i n t a ined b y charge  separa t ion  caused by the

d i f f e r e n c e  between magnetosp h e r i c  pa r t i c l e  p i t c h - a n gl e  anisotrop ies and

by the  i n e v i t a b i l i t y  of e lec t ron  backsca tt e r .  The e x i s t e n c e  of a p a r a l l e l

potent ia l  d i s t r i b u t i o n  V8 implies that  ions from the ionosp here  will be
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a c c e l e r t ’ ~d up t h e  f i e l d  l i n e  to n e u t r a l i z e  the e l e c t ron  exces s . T h u s ,

¶ h e  h i g h e r  t he ion d e n s i t y  N1 + , the  m o r e  d i f f i c u l t  it is for  t i e  mode l  t o

ii c a i r . t a m  a l a r c e  e q . i i l i b r i u m  p o t e n t i a l  d i f f e r e n c e  . Al thou i ,’h local-

~i rc e dep e n d e n c e  of t he ionosp h e r i c  d e n s i t y is not  i n t r o d u c e d  i r ~~ i- he

mo d ’- l , t h e  va lue s  of N1 r equ i r ed  fo r  both cases in Table 3 a r e  con-

s i s tent  w i t h  t he  local  t im e  of obse rva t ion  for  the two cases . Sinc e

Case  \V was observed  in the days ide  cusp reg ion and Case  M was obse rved

at a l’ cal t ime  of 2024 hours , t he an t i c i pated da y - n i g h t  d i f f e r e n c e  in iono-

sp h e r i c  d e n s i t i e s  at 2000 km is c o n s i s t e n t  wi th  the o r d e r-o f - m a i~n it u d e

d i f f e r e n c e  be tween N for  the  two cases. It shou ld  be n o t e d  t h a t  NI -t

was solel y d e t e r m i n e d  b y the  r e q u i r em e n t  of o b t a i n i n g  a s e l f - c o n s i s t e n t

s o l u t i o n . The d e n s i t y  N 1 d e t e r m i n e d  fo r  Case  M is c o n s i s t e n t  wi th  the

w i n t e r  ni g ht t im e t r o u g h-reg ion ionosph e r e  (h o f f m a n  et al. , 1974) .  The

d e n s i t y N i +  de t e rmined  for Case W is also c o n s i s t e n t  w i t h  t h e  w i n t e r

d a y s i d e  h i g h - l a t i t u d e  ionosp h e r e , i~~nce  the  event was obse rved  in J a n u a r y

19 7 5  ( W c n n i n g ham et al. , 19 7 7 ) .  As is d i s c u s s e d  above , the maintenance of

a k i l o v o l t _ m a g ni tude  para  lel e lec t ros ta t i c  potent ia l  r equ i re s ra ther  low

ionosp he r ic  d e n s i t i e s , w h c h  co r re spond  to winter condi t ion s  of the polar

F- reg i - o .. Conve r se l y, onl y ver y sma l l pa ra l l e l  potential  d i f f e r e n c e s  may

~e n i a i n t a i n -d i f t h e  F -r e g i o n  ionosp h e r i c  dens i t i e s  N1+ at 2000 km were

-
~~ ~~~ cm 3 , c o r r e s p o n d i n g  to s u m mer  d a y ti m e  cond i t i ons . These con-

s i d e r a t i o n s a re  appl i c a b l e  onl y to the  g e n e r a l  dependence on the ionosp he r i c

b oundary  cond i t ions  of our model s ince the days ide no r th - sou th  a symmet ry
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of the ionosp here  is neg lected in our cons idera tion .  Quite  i n t e r e s t i n g ly,

statistical analysis of OGO-4 data indicated that  f ie ld - aligned electron

p r e c i p i ta tion event s w e r e  more  likel y to  occ u r  d u r i n g  winte r ( B e r k o  and

H o f f m a n , 1974 ). Since our  model  r e q u i r e s  ion d e n s i t i e s  at the  lower

bounda ry  which  a r e  c o n s i s t e n t  with F - r e g i o n  t r o ug h  dens i tie s  onl y,  and

S Sf - S

f u r t h e r , since energetic 0 and H ions in the keV range  (moving

u p w a r d  a long  au r o r a l  f ie ld l i n e s)  have been repor ted  (Shel ley  et al ., l ’~ 7(’) ,

we m a y  perhap s invoke the se l f - consi s t en t  para l le l  e l ec t r i c  f i e ld  as a

p o s si b l e  m e c h a n i s m  for  the f or m a t i o n  of the ionospheric  t r o u g h . A d e t a i l e d

c o n s i d er a t i o n  of suc h a m e c h a ni s m  will  be made in a subsequent work .

The dens i ty  dist r ibut ions n .  of par t ic les  of var ious  species

= M- , M 4  , Sl , S2 , T, I- , and 1+ )  for Case W are shown in

Fi gure8  6 and 7. From Figure  6 , i t is seen that roug hl y 1/3  of the

m a gn e t o s p he r ic elec t ro n s are prec ip ita t ing ,  so as t o y iel d a p r e c i p i t a t i n g

el ectron beam of dens i ty  0 . 9 cm ~, in ag reemen t  with the densi t y  required

in the model of Ev ans (1975) .  The densi ty  d i s t r ibu t ion  nSl of p r i m a r y

b acksca t t e  red e lect rons  shows a pecu l ia r  k ink  near  the magne t ic - f i e ld

ra t io  B / B 0~ i 300 . The fo rmat ion  of the kink is quite easil y unde r s tood

i f one recalls  tha t , accordin g to (21) ,  t he p r i m a ry backsc attered e lec t ron

dis t r i b u t i o n  cons is t s  of a low- energy  component ( ~~~ ) and a hig h- 
S

energy component 
~~L

> e I V ~ 
) . The hig h - e n e r g y  component of p r imary

hackaca t te red  electrons has a densi ty  d i s t r ib u t i o n  s i m i l a r  to 
~M- near

the foot of the field l ine , whereas  the low- energy component has a dis-

t r i h u t m o n  s imi lar  to the n~~ of secondary backscat tered elec t rons ,
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Fi g u r e  6. D i s t r i bu t ions  of the var ious  ene rget ic  pa r t i c l e s  along

t he f ie ld  l ine , com puted for  Case W , a r e  show n as funct ions of magnetic-

field  ra t io .  Th e s u b s c r ipts identif y the various par t ic le  populat ions:  M *

for  magnetosphe r i c  p r otons a nd e le ct r o n s , Sl for  p r i m a r y  backscat te  red

S e lect rons , and T for  e l ec t rons tra pped between m i r r o r  poi nts tha t both lie

S on the same half of the field line .
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Fi~~’ir e  7 . D~~~t r i i u t i o n s  of the va r i u i s  “ l o w - e n e rg y ’ p a r t i c l e s  a lo ng

~~~~~ f ield line , c o m p u t e d  f o r  Case W , a r e  sh own as f u n c t i o n s  of m ag r~et i c -

field r a t c u . T i ~- ~~ih s c  r i p t s  I ~ r o le  r to ionosp he n c  p a r t i c l e s , and the

subsc r ip t  S2 r o t e  rs t~~ ~c -c o n d a ry  b a c k sc a t t e  red e l e c t r o n s. At  t h e  ‘ i p r

r e a c h e s  of the  f~~ 1’l l ine  ( B / B
0 ~. l 0 )  the  ions  a r e  not  t r u l y a t  low en e r g y

Sinc e they ha ’;o b c - c - n  ;tc ce le ra ted  b y the pa ra l l e l  e l e c t r i c  f ie ld .
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shown in Fi g u r e  7. The sum of two such cu rves  produces  the shape of

shown in Figure  6. Compar ison  of magnetospher ic  ion dens i ty  nM + in

Fi gure  6 with ionospheric ion densi t y n 1 + in F i gu re  7 in the reg ion  jus t

above t he in tense  para l le l e lec t r ic  f ield indicates that the dens i t i e s  of the

two species are  com pa r able th e r e. Sin ce the ionosp he r i c  ions in t h is

reg ion have been accelerated by the e lectr ic  field , we wou ld expect sub-

s t a n t i a l  n u m b e r s  of energe t ic  ions in the region , in a g r e e m e n t  wi th

Shelley et al. (1976).
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CO NC L USIO N

We have demonstrated in this model that para l le l  e l e c t r o s t a t i c  po t en t i a l

differences of the order of one kilovolt may be self-consistentl y maintained

a long  an a u ror a l  f ie ld lin e by the magne tosp her ic  and ionosp her ic  p a r t i c l e

popula t ions  in the  flux tube. Our model  a t tempts  to abst ract  the c h a r a c t e r i s t i c s

of magne tos p h e r i c  an d ionosp heric  par t ic le  d i s t r i b u t i o n s  and to i n c o r por a t e

the  very impor tant p rocess  of electron backsca t ter  in a m a g n e t i c  f i e l d .  B y

app l ica t ion  of the p r inc ip le of q u a s i - n e u t r a l it y ,  a se l f - co n s i s t e n t  p a r a l l e l

elec t ros t a t i c  potent ia l  d i s t r ib u t i o n , in e q u i l i b r i u m  wi th  the p a r t i c l e  d i s t r i b u -

t ions  alon g the aurora l  f ield line , is obtained. App l icat ion of the model  to

two typ ical even ts of f i e l d - a l i gned e lec t ron  precip i t a t ion  have y ielded pa r t i c l e

p a r a m e t e r s  which  are consis tent  with the condit ions of the ionosp he r e and

the magne tosp here at the tim e and pl ace of observat ion of the events . The

di f f e r e n c e  in the p i t c h -a n g le an iso t r op ies of magnetosph e r i c  ions and e l ec t rons

and t he inc lus ion  of hacksca t tered  e lec t rons  are the key f a c t o r s  which  self- .

cons is t en t l y su ppor t  a parallel potent ial  d i f f e r ence  of k i lovol t  r ange .  Our

mode! sugges t s  tha t  such large para l le l  potential  d i f fe rences  between the

ionos p here  and the magnetospher ic  equator  can be ma in ta ined  onl y i f the ion

d e n s i t y  at the lower boundary (2000 km al t i tude)  is comparable  to tha t  in the

F- reg ion t r o u g h . We are  inclined to view the genera t ion of a large  parallel S

e l e c t r o s t a t i c  potent ia l  drop as a s e l f - c o n s i s t e n t  mechan i sm b y which the

F - r e g i o n  ionosp h e r i c  t roug h is formed b y extract ion of cold ion s from the

ionosp here. These cold ions are acce le ra ted  upward into the magnetosphere

where  the i r  energ ies  will  he — . I e J V 1 , i. e. , in the keV range.
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As we have stated in the introduction , our model is not intended to

be app l i c a b l e  to all types of f i e l d - a l i gned e lect ron p rec ip i t a t ion  events in

w h i c h  beam - l i k e  c h a r a c t e r i s t i c s  are evident.  In p a r t i c u l a r , ou r model is

in capable of exp la in ing  events in which d i f fus ive  energy gain is evident.

Fu r t h e r , o u r  model is not intended to exclude the possible exis tence  of

double la ye r s  or e lec t ros ta t ic  shocks. Indeed , it is quite easy to obtain

in our  model  a ‘ so lu t ion ’ which has the charac te r i s t i c s  of a double layer

s i m i l a r  to  t hat  obtained b y Lem aire and Scherer (1977).  However , suc h a

po ten t i a l  dis t r i b u t i o n  does not sat isf y our accessibi l i ty  c r i t e r i o n  imposed

by (7) .  We do not know how to t rea t  the veloc ity - space integrat ion for

p a r t i c l e s  that  are accessible to the source point s ”~ only under condi t ions

m o r e  s t r i n g e n t  than  the simp le c r i t e r i o n  on v1~~ * . Therefore , we a re

unable  to generate ‘ double laye r ’ solutions that are ac c eptable within the

frari ’iework  of our  model .

In a s imp le mo d el suc h as ou r s , there are obviousl y a number of

f e a t u r e s  which  requi re  improvement .  Clear ly ,  our assumption of an

ionos pher ic  boundary  independent of par t ic le  species and energy  is not

j u s t i f i e d . The exclusion of perpendicular electric fields in our considera-

t ion  of q u a s i - n e u t r a l i t y  is clearly not real is t ic , s ince auroral events are

invar iabl y accompanied by intense perpendicular e lec t r ic  f ields (Mozer

et al., 1977) . We have ignored these crucia l  features  pr imar il y for the

sake of s imp l i c i t y  and for the sak e of concentrat ing on the imp licat ions of

p itch - ang le an i so t ropy, electron backsca t te r , and ionospher ic  conditions .

We hope to remove these shortcomings of our model in subsequent work s.
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Final l y, we tak e note of some very recent s tudies  by Le n n a r ts so n

(1976 , 1977) and Wh ipple (1977) ,  which  have some fea tures  in common with

t he present  work. We bec ame aware of these s tudies  onl y after  completion

of the p resen t  numerica l  calculat ions , but we do not view the present  work

as a dup lication of the i r  effor ts . The problem of calculat ing parallel e lect r ic

f ie lds  and charged-par t ic le  d i s t r ibu t ions  in the aurora l  zon e is a comp licated

one , and d i f fe ren t  invest igators are l ikel y to approach the problem in some-

what d i f f e ren t  ways.
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APPENDIX A: ACCESSIBILITY

We have used the s imp le c r i t e r i o n  v 1 5
2
* ~ 0 in orde r to d e t e r m i n e

whe the r a phase-. space point ( v 1~ , v15 ; s is connec ted  to a s o u r c e

point  ( v~~~* , v1~~ ; s~ ) unde r  the laws of adiabat ic  c h a r g e d - p a r t i c l e  mot ion .

St r i c t l y s p e a k i n g ,  however , the n e c e s s a r y  and s u f f i c i e n t  c ond t i or ~ fo r  access i -

b i l i t y  is that  v 2 
—. 0 for  all s ’ between s and . The e q u i v a l e n c e  of

t h i s  s eem i n g l y m o r e  st r i n g e n t  c r i t e r i o n  to the s imp le c r i t e r i o n  on v~~~ is

c o n t i n g e n t  on the  f u n c t i o n a l  f o r m  of V~ (B 5 ) ,  as wi ll be shown h e r e .

We wish to dete rm ine some (p r e f e r ab l y m i n i m a l)  c o n s t r a i n t s on the

fo rm of V5 that  will  a s s u r e  the t r u th  of the fol lowing s ta tement  fo r  all

p a r t i c l e s  of i n t e r e s t :  i f v
11
2 

-> 0 and v~~* —
~ 0 ,  then v 11

2 , -, 0 f or

al l s ’ be tween s and ~~¼
• The s ta tement  will obvious l y h old t rue  if v 11

2 ,

is a mon tonic  func t i on  of B ,  for  0 � s ’ 
~ . It will  a l so  hold true if

is concave  downward when plotted as a funct ion  of B between s ’ 0

and s ’ ; . The p resence  of q ± 1 in (12 ) would make  it d i f f i c u l t  f o r  both

ions and e l e c t r o n s  to have a monotonic (or both to have a concave -downward)

2 2 2 2v f o r  all  va lues  of v and v . We shall t h e r e f o r e  t r y  to make v
i s  I~5 Is I S

rnonotonic for  ions and concave downward for  e l ec t rons .
2 - SMonotonic i ty  of v 1

, f o r  ions (q = + 1) would requ i re  that

d (v 2 , ) / d B , - (v~ 
2
/ B )  - (2/ rn ) J e  (dV ,/d B )

+ 

4GM E _
~~.2 

2 / 3  
~ 

- 3(r
~~

/ L R E
) 5 11) 

0
3R EBO B ,  [ 8 - 

c, ( r , / L R E )

(A l )
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as an he shown b y d i f f e r e n t i a t i n g  (12 )  wi th  respect  to B ,  , u s i n g  a

c’ -n t e r e d - d ip o l e  mo del for  the m a g n e t i c  f ie ld  ( r ,  a l t i tude  + R E ~ .

‘rhe i n e q u a l i t y in (A l )  is imposed b y the leading te rm , which  would

d o m i n a t e  in the l i m i t  of l a rge  v1
2 

. For the same inequal i t y to ho ld in

the l ir n i t  of smal l  v 2 
, however , one mus t  have dV ,/  cIB - -

~ 0 atIs  s s
leas t. The s t ronge r condit ion

‘ e (dv / dB , )  > (GM Em + / 3 R EB O ) (B o /B .) 2 13 (A Z )

f o r  0 ~
- S ~ would enable the e l ec t r i c - f i e ld  term to overcome g r a v i t y,

as is r e q u i r e d  fo r  the uncond itional mon otonic i ty  of

Grav i t y is ne g li g ible fo r  e lec tr ons (q = - 1) , but the appearance  of

q < 0 in (6) necess i ta tes  a fu r the r func t iona l  cons t r a in t  on V 5 . We

r e q u i r e  (see above)  that v 1~~. fo r  elec trons be concave downward when

p lotted aga ins t  B . In other words , we requi re  that

d 2
(v

2 , ) / d B 2, = ( 2 /m _ ) e (d
2V ,/dB

2
) 0 (A3 )

f o r  0 ~ s ’ � , which is to say that V 5
, mus t  be concave

downward when p lotted against  B 5
,

For e lec t ros ta t ic  potential s V , that fa i l  to sa t i s f y (AZ) and (A3),

the re  is a ser iou s danger that a “ b a r r i e r ” in the “e f f e c t i v e ” potential

def ined (e. g. , Whipp le , 1977) b y

-6 8-
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q ej  V 5 + (m q v j~~/ ZB 5
) B 5

, - (rn
q

GM E /r ~~
) (A4)

would p reven t  the acce8e of a par t ic le  f rom s ’~ to s , de sp ite the fact

t h a t  both v 2 
> ~ and v 11~~ > 0 w e r e  s a t i s f i e d  f o r  the  p a r t i c l e  in q u e s t i o n .

It is to preclude such a danger of improper mapp ing that we require (AZ) and

(A3) as constraints (imposed a posteriori ) on the admissibili ty of “solu t ions ”

V that are found to satisf y ( 1) f or  0 � s � L.

We h a v e  c a r ef u l l y checked  to be sure that our s o l u t i o n s  V (B
S S

shown m Figures 4 and 5 satisf y (A3), which is equivalent to (7). We have

also verified that  ou r  S olut ions sa t i s f y (A Z) for  h y d ro gen ions .  However ,

we f ind  that our solutions fa i l  to  sa tis f y (A Z )  at B -

~~ 
B

L 
f o r  h e a v i e r  ions

such  as 0 . This  is not a s e r i o u s  d r awback  in the p r e s e n t  context .

S ince  we have  co nside r-ed onl y one spec ies  of ionosp h e r i c  ion , we m a y

log ica ll y i d e n t i f y t he U popu la t ion  in ( 1 3 )  with 11~ and con s i d e r  all the

to res ide  beyond s -L , i .  e. , below the base of c o l l i s i o n le s s  m e d i u m .

A l t e r n a t i v e l y,  we ma y re gard  t he I popu lation as c o n s i s t i n g  of ions hav ing

a mass  equal to the densi ty - w e i g hted mean of m 11 and m0 at  S = I

E i t h e r  of the above alte rna t ives  can be suppor t ed  by an appea l  t o

the H + /O + dens i ty ra t io  observed at a l t i tudes  below 2000 km in hi g h~
la t i tude  t roug h re g ions  (Hof fman  et al. , 1974) , bu t nei the r a l t e r n a t ive is

— ~,‘ ~ —
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st r ic t l y acceptable  in the context of account ing for  the upward f l u x e s  of

energetic 0 
+ that  are observed (Shelley et al. , 1976) at hi g h al t i tudes .

We p r e s u m e  tha t a more  rea l i s t i c  t r ea tmen t  of the ionosp h e r e  (be yond

the scope of the p r e s e n t  work )  would a l leviate  th i s  d i lemma.  Thus , in

a mo r e sop h is t ica t ed stud y, one mi g ht t r ea t  the several  ionosp h e r i c

cons t i t uen t s  separate l y and also take account somehow of the smooth

t r a n s i t i o n  betwee n the co l l i s ion -domina ted  l owe r ionosp here  and the

co l l i s i o n - f r e e  uppe r ionosphere .  Such a stud y is in p rog re s s .

The onl y 0 + ions that would have been t rea ted  im proper l y in the

presen t work  a re  some of those found equa torward  of the max imum in the

e f f e c t ive pote nt ia l  
~~~~~~

, , w h i c h  is d e f i n e d  b y ( A 4 ) .  Those found earth-

ward  of the max imum in 
~~~~~~

. would have been mapped in p r e c i s e  accordance

wi th  Liouvi l le ’ s t h e o r e m , excep t of course  f o r  the dep le t ion f a c t o r  D

g i v e n  b y (14) .  It is not l ikel y that  the more  sop his t icated t r e a t m e n t  of the

i o n o s p h e r e  d e S c r i b e d  above will  a l t e r  the p r s en t  fo rm of V
~ 

(B ) s e v e r e l y,

so as to let 0 + ions  sa t i s f y (AZ) , f o r  in that  c a s e  the ionosp he re would

r a p i d l y b~ ‘b~~,le ted i) f 0~ . Howeve r , a m o r e  rea l i s t i c  t r ea tm e nt of

the ‘n ’sp her e  would  be tter account  fo r  the rel~i t ive  d i s t r i b u t i o n  of H +

and 0 al”n ~ the f i e ld  l ine and m i g ht (b y t r ea t ing  the e f f e c t  of g r a v i t y  on

o - 

in a f i l l y  ‘I n s i s t e nt way)  enable one to i nc r ea se  the convec t ive  sweep ing

r t ha t  a p p e a r s  in  ( 14) .  This  would be des i rab le .
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APPEND IX B: DENSITY M ( ) M P ~~N T

In t h i s  appendix  we sha l l  show a samp le c a l c u l a t ion  of the

c h a r g e - d e n s i t y  m o m e n t  of magne to3p h e r i c  e l e c t r o n s , w h i c h  i s  r eq u i r e d

for  imp l e m e n t i n g  q u a s i - n e u t r a l i ty .  With the use  of the d i s t r i b u t i o n  f u n c t i o n

(9) for magnetospheric electrons 
~M 

“ e  obta in  the  m a g n e t o s ph e r i c

e l e c t r o n  d e n s i ty  m o m e n t

n M ( s )  f  v 1 d~ is f ~~~ _ (v i s , v 15 ;\ s ) dv
11

Zn  C
M (Z~ T 

- 
/ m )  3/ 2  

~ ( B I )

In our model, the density of magrietosp heric electrons nM (0) at the  equato r

is t he input p a r a m e t e r  NM - 
t h e r e f o r e , ( B l )  is n o r m a l i z e d  so that

n M
( s) N M- . ~~~~~~~~~~~~~~~~~~ 

} , (B2 )

F 
w here  the  f u n c t i o n  

~~M (0) is def ined as the l imi t  of 
~~M (s)  a s s -

~~ 0 +

The func t ion  (s) is g iven  in t e r m s  of funct ions  related to e r r o r  func-

t i ons  and Dawson i n t e g r a l s  (Abrarnowitz  and Stegun , 1974) . It is con-

ven~ent to  de f ine

x

ex p(x 2~
J

_ 
d y e x p ( -y 2 ) (83)
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exp (x 2
) f d y ex p ( ~~y )  (B 4 )

E 3 (x) exp(-x 2j d y exp(y 2 ) ( B 5 )

t o g e t h e r  w i t h  the s imp lif y ing r e l a t i o n s

h = B - [ 1 - (T / T ) J B 0 (B6 )

( e  V / ~~T
11

)~~~
2 

(B ?)

= [ ( B  - B 0) T
1 / ( B 0 r ) ]

l /2  ( B8)

[( B 1 — B ) / h 1] l / ’Z (B 9)

- [( B  - B0
) ‘ (B

1 
- B 0 ) ]  ~~ . ( [H O)

The f u n c t i o n  (s)  is g ive n by

I
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(s)  = (B / Z h ) ( n ’ / Z ,~~ exp [ - I ( \ ‘ h
1 

- \‘
1

h )  / ( B
1 

- B ) ~ T ]

+ 
~ 2 ( >

~s
) 4

4 O (~~~) e xp [-  (~~~/ ) Z
J [~~~~E 3

(~~~~
2

/~~~) -

(Bl  1)

The eva lua t ion s of the c h a r g e  dens i t i e s  are independen t l y

c i e cked  by t h r e e  m e t h o d s :  ( a )  t h e  c h a r g e-d e n s i t y  i n t eg r a l s  f o r  the  m i r r o r -

ing  and p r e c i p i t a t in i .~ componen t s  are  evaluated separa te ly and the sun-i is

checked aga ins t  ( P ’ l l ) ;  (b ) if we set O ( v
11~~) equal to un ity  in (9),  then the re

are no p hase—space r e s t r i c t i o n s  due to the f u n c t i o n s  ~(v ~) and the to ta l  charge-

d e n s i t y  i n t e g r a l  is eas y to com p ute , and we have checked that  the  total

ch a r g e - d e n s t v  i n t e g r a l  i s  equal  to the sum of the m i r r o r i n g  component

p lus t w i c e  the  p r e c i p i t a t i n g  c o m p o n e n t ;  (c) f i na l l y ,  t h e  a rg u m e n t s  of the

~ f u n c t i o n s  i n  t~~) su n p li f y in the l imi t  s —. 0 + , and t he eva lua t ion  of (Bi 1)

in the lim it s 0 + has been checked aga ins t  the s -. 0 l i m i t  of the

c h a r g e - d e n s i t y  in t e g r a l  1ndependent l y eva lua ted  h e fo re  the l imi t  is taken .
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THE I V A N  A . G E T T I N G  LA~~ OR A T OP I E S

a h i i -a t o r y  Op e r a t i o n .  of ~~~ A e r o s pace C o r p o r a ti o n  i. conduc ti ng

‘ S ~~~ ’ r me t a l  and t h e o r e t i c a l  ins c - s t i g a t i o n s  n e c e s s a r y  b r  the eval uat ion and

appi ii a t  ii ii s c i e n t i f i c advances  i i  new mi l i ta ry  concepts  and s y s t e m s  Ve r-

s a t  li ly and f lex i b i l i ty  hav e been de v e loped  to a high degree b y the labora to ry

~ rs , r n e l in d e ahn g wi th the many p rob ler t s encountered in the nation s rap idly

de - e i o p : r - t  s pa e a’ - , d miss i le  s y s t e m s . Exper t i se  in the la te s t  sc ient i f ic  devel-

-to e n t s  is  v i t a l  to the acco mpl s hment of t a e ks  r e l a t e d  to t hese  problems The

l a b o r a t o r i e s  bat cont r i bute  to t h is  r e s e a r c h  a re :

A e r o ph y s i c s  La bor a to ry :  Launch and r e e n t r y  aerodynamics , heat trans-
fer , r , - ,r .t  r- , p h v~ ics , c hemical k ine t i cs , s t r - i c t u r a l mechan i cs , f l i g ht dynam ics ,

atmosp heric po liut io n, and hig h-power gas laee rs.

Chem i s t ry  and Phys ics  Laborator y: Atmo s p heric react:o ri a and atmos-
p h e r r  i pt ic s , c hemical react ions in polluted atmosp heres , che rn ics l react ions
of cxi nd s peC es in rocket  r i un- t es , chemical thermod ynamics , plasma and
l as er ~ i n d o c e d  r e ac t on s . laser chemistry,  propulsion chemistry, space vacuum
and rad a t - o n  e f f e c t s  on mat er i~ ls , lubrication and surface phenomena , photo-
s en ~ i t :v e mate r i a l s  and s e nsor . , h i g h precision laser rangi ng, and the appli-
c a non of phy s i c s  and chemist ry  to prob lem. of law enforcement and biomedic ine.

E lec t ron i cs  Research  Laboratory: Electromagnetic theo ry, devices , and

propaga t ion  phenomena , including plas ma e lectromagnet ics :  quantum e lect ron ics .
l aser . , and el~’ t ro -op t i cs ;  co m m unication sc ie nces , applied electronics , sem i-
c onducti nit , superconduct i ng ,  and c rys t a l  device ph y s i c s ,  optical and acoustical
imagin g . atmosp her ic pollut Ion ; millimeter wave and fa r - in f ra red technology.

Ma te r i a l s  Sc iences  Laborator y: Development of new materials; metal
matr ix  s : : mpo sit es and new forms of carbon; tes t  and eva luat io n of graphi te
and ceramics  in reen t r y ;  s pacecra f t  materials and electronic component . In
nuc l ea r  ~ eap ori s env i ronment , application of f racture mechanics to s t ress  cor-
r isiori and fa t i g e- i nd u ced f rac tu res  in struc tural metals.

Space Sc i ences Liborat oi ~’: Atm osp heric and ionosp her i c  phy s i c s , radia-
tion from t he atmosp here , density and composit ion of the atmo s p here, auror ae
a r d  a rg l ow ; magr ieto s pher ic phys ics , cosmic rays , generation and propagati on
of p lasrr a waves in the magnetosp here; solar physics,  studies of solar magnetic
f ie lds ;  s p a r e  al t ronomv. x - r a y  astronomy; the e f fec t s  of nuclear exp losi ons.
mag net c s to rms , and solar a : t iv i ty  on the earth’ s atmosp here . lo nos p her~ . and
magnetosp here ;  the e f fec t s  of optical , electromagnetic , and particulate radia-
t ions in space  on spa ce sys tems .

TH E AEROSPACE C O R P OR A T I O N
El Segundo. California
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